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521. 


ON DR. WIENERS MODEL OF A CUBIC SURFACE WITH 27 
REAL LINES; AND ON THE CONSTRUCTION OF A DOUBLE- 
SIXER. 


[From the Transactions of the Cambridge Philosophical Society, vol. хп. Part 1. (1873), 
pp. 366—383. Read May 15, 1871.] 


I. 


I CALL to mind that a cubic surface has upon it in general 27 lines which may 
be all of them real. We may out of the 27 lines (and that in 36 different ways) 
select 12 lines forming a “double-sixer,” viz. denoting such a system of lines by 


ал, а», Q5, Q4, а», Qs, 
b,, b., bz, b,, bs, bg; 


then no two lines а meet each other, nor any two lines b, but each line а meets 
each line b, except that the two lines of a pair (a, bı) (as, b,,...(a,, bs) do not 
meet each other. And such a system of twelve lines leads at once to the remaining 
fifteen lines; viz. we have a line c, the intersection of the planes which contain the 
pairs of lines (ал, bj) and (a,, bı) respectively. 


The model is formed of plaster, and is contained within a cube, the edge of 
which is = 18:2 inches: the lines a, b, c are coloured blue, yellow, and red respectively ; 
the lines œ, b, b, being at right angles to each other, in such wise that taking the 
origin at the centre of the cube, the axes parallel to the edges, and the unit of 
length = 1'6 inches, the equations of these three lines are 


ал, в = 0, у = 0, 
Di; а= 0, Ew ], 
bs, y=0, 2=-1. 
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The model is a solid figure bounded by portions of the faces of the cube, and 
by a portion of the cubic surface, being a surface with three apertures, the collocation 
of which is not easily explained. 


To determine the construction I measured, on the faces of the cube, the coordinates 
of the two extremities of each of the twelve lines; these were measured in tenths 
of an inch (taking account of the half division, or twentieth of an inch), and the 
resulting numbers divided by 16 to reduce them to the before-mentioned unit of 1°6 
inches. These reduced values are shewn in the table: knowing then the coordinates 
of two points on each line, the equations of ‘the several lines became calculable; the 
true theoretical form of these results—(viz. the form which, but for errors of the 
model, or of the measurement, they would have assumed)—is 


b,, æ = Bz + D, y= B/z +D, 

b,, a=0, z=1, 
bi, æ = В, (2+ 8), у= В, (z+ Bs), 

b,, æ= В,(г + 8), у= В, (2+ By), 

b,, y = 0, 2 = — 1, 
bs, æ = В(г + В,), y= В, (2+ Be). 

ay, 2 = 0), y = 0, 

As, æ= А2 + О,, y = А, (z — 1), 

аз, æ= А, (2+1), у= А; (2—1), 

Q4; z—4À,(2-1,) y-24A/(2-1) 

As; x=A,(z+1) y=Asz+Cy, 

Qs, 2=4,(2+1), y=A, (2-1); 


but in consequence of such errors, the results are not accurately of the form in question. 


The faces of the cube being as in the diagram: 


the Table is 


z 
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Equations calculated | ABCD EFGH AEBF BCFG CDGH | AEDH 

ments of the model. z = — 5:688 | z =+ 5:688 | y= + 5:688 | 2 — 5:688 | y= — 5:688 | x= + 5:688 
y =0 a, |y=0 у=0 
x=— ‘780z-— 187 $4950 |a=— 4:625 
y=- “4232+ -406 | ^ |y-2:812 |y=- 2:000 
a=— '604z— -656 æ=3062 | a=— 4:375 
у= 5882+ 531 | ^ |y=3875 |y-- 2:812 
a = — 2:912z — 2:959 | y = 0625 у= 2937 
iis i 7362 al 152 94 »4seceos9«. ,.Í1 Xdaplosasies . Г У РРР РЕГРА. Ж e ‘9375 i AT MLD та 2-969 
x= 1:024 + 1:014 x = — 4:812 y =— 5:063 

a 
ye- 10492 — 277 5 у= 5:688 KARETA "|. eww$ss9v»e . |: Тәгаен $f *5*9N*3ws "m 4:569 
a= 964+ 187 2=- 1:318 | х= 1:687 
y=- 104+ 919 | "^ |y= 8125 |y=- +375 
w=—1-6lle+ 181 |, у= 5:500 y = — 4:656 
y =- 14382 -988 13] вовсе DI a >й лал» ud чоно дена 2-— 94695 ооооооеоо drca 3:497 
жє) ; x=0 SEH 
E à fy set ^3) Vr Mavic Бб an 
a=—1:3522-— 685 3 a= 3750 a=— 3:812 
ж 9-034& ў 984 ‚ 2ш П зд Ыш шен А о "uem 3 281 etc PES 9 313 


———— —— i ts! aa of 


æ=- ‘153z— 0315 ait 4:250 |л=— 4:313 
y=- 500z— 0315 | * |y= 2812 |y=- 2:875 


— — l u я — —— СЕНС €—— ———— ———— 
——————— 


y- 0 y- y=0 


Б.А. et n a ДА Е VPIPT ОШОЛ, BAS, ДОН... 
2241 и z=1 z=1 
a= 11232-— ‘702 a = — 5:688 — — 5:688 
y-—1193s4 100 AK I. eie nli v san ABR cones] mmm z= 5688 


I hence calculate the intersections: considering any two lines which ought to 
intersect, then projecting on the horizontal plane and calculating w, у the coordinates 
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of the point of intersection of the two projections, these values of 2, y substituted in 
the equations should give the same value of z; but if the lines do not accurately 
intersect, then the values of z will be different. 


b, b, b, b, bs 
0 0 | 0 
a, 0 0 0 
— 4954-011] — 0527-010) +1 
077 + +881 + 4992 — -967 
a| + 455 ЕС 771 + 2:803 — 008-008 
— 129 7:013 — +796 4-067 | — 5704+036 | + 1 
— +423 — 001001 | — 4782 | — 1:310 
as| + -699 + 1:119 * | — 3227 — 028% -028 
— -2644-021| — 1 + 6:3504-042| +1 
———— — — ELEC сыс ЖЕ иЄ. бы. ы. = е | — ШИНЧА 
— 957 - +023+-023| + 1:286 - 5:371 
a,| + 1:238 + 1-488 + 1:736 * E 008 +008 
— 6744+-014| — 1 - 1:398.4--060 [+1 
+ 2:519 — :0053-005| + 282 + 412 
a,| — 1:801 + 772 + 476 + 194 | * 
+ 1462 +-008| — 1 - -T174:001| — 5184-070. 
+ 94 Ё 038 +-038| + -045 irasi + 451 
в| + 7214 + 323 + 283 + +284 + 0574057 
+ 0404-022) — 1 — 5824-042) — -423 +-208| - 1 


C. VIII. 


b,, 


b, 
0 
0 
+ 625 
— °398 
+ ‘227 
| + 7346 + -076 
| - 673 
+ 44 
+ 7162 +146 
— 1:330 
+ ‘847 
— +844 4-215 
+ 18°764 
— 14:155 


_+ 15282 44-052 


* 


«= 1321 2 — "810, 
= — 1295 2 + ‘581; 

2= 0, z=-1; 

æ = — 1352 (z + :510), 

у = — 2034 (z 4-510); 

æ=— "153 (2 + 052), 

y = —– 500 (2 + 052); 

у= 0, 2= +1; 

æ= 1123 (z — 624), 

у = — 1:123 (z — 624); 
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Starting from the assumed equations of b, bs, b, bs, bs, a, and calculating by the 


theory the remaining lines, the equations of the b-lines (those of b, being calculated) are 
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and the equations of the a-lines (those of all but a, being calculated) are 


а, 2=0, у = 0; 

Qs, æ = — *158 2—°091, 
у = — 498 (2—1); 

аз, æ=— 609 (2+1), 
у=— `677(4— 1); 

0. æ = — 2506 (z + 1), 
y=— 841 (2— 1); 

а, а= 874 (2+1), 
у = — 967 2 — 288; 

ав, z= ‘170(z+1), 
y=— 071 (2-1); 


and thence for the points of intersection the coordinates are 


b, 


а 


— "170 + ‘662 + 197° 


а, + 446 * + ‘996 + 131: Lie. lines a, 
nearly parallel. 
+ ‘105 -1 — 262- 
— 515 0 = 1:805 = 
а + 782 + 1:854 * — 9407 


— 155 -1 4 3:964 


— 1:071 0 + 1:438 
+ 1:323 + 1:682 + 2:164 * 
513 -1 — 1:574 


A, 


0 + °259 + -383 
+ 679 + 291 + 255 
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I 


I have in a paper “On the double-sixers of a cubic surface,” Quart. Math. Journal, 
t. X. (1870), pp. 58—71, [459], obtained analytical expressions for the twelve lines of 
a double-sixer, and also calculated numerical values, which however (as there remarked) 
did not come out convenient ones for the construction of a figure. A different mode 
of treatment since occurred to me, by means of the following equation of the cubic 


surface 

аа 10 s MAE CNN ч gfe t Y a Y= 

(2 йон 3 t t : c 5) E B's Y 
which as will appear is a very convenient one for the purpose We in fact obtain at 
once eight lines of the double-sixer; viz. these are 


1. 2=0, w=0, 2. а= 0, у =0, 

3. у= 0, z = 0, 4’. z=0, w=0, 

ко. У 8 Zaku Eu ыр don i 

5s B Ф 5 0, 5. WY 0, 9-7 0, 
ЫЛЕ. ДИЕ с tase ИШ ч.м, OE wo. 

6. 2 8 wars y 0, 6’. an % 5 5 0; 


and also буе lines not belonging to the double-sixer, viz. 


1 z w\ 1 
12. =0, (-2 2-8) a-*(-$*5-5) gg"? 
? Ву 8) В By ? 
o's bey 1 caua wy Д 
23. y — 0, (242-5) -* 5-3) 22 7* 


w B. Жы wi 1 


A Uod ANa e S Si l 
в. (5-325) 5c (1-459) e 
T а B e a B wj ay 
9r 30, £.9 won Us. uw 
56. -5+7 =l, —;—5+——+ = 0 
a B y 9 a By 


The remaining lines of the double-sixer are then easily determined; viz. the lines 
3, 5, 6, and 12 are met by the line 2' and by a second line 1’; this, as a line 
meeting 3, 5, 6, will be given by equations of the form 


a 8 ) а È ) 
2—-=y=¢o|-z-w), 2—5y-26l(52-—w)], 
B y=¢ E 2 В у= ф y 
and observing that these equations, writing therein 2 = 0, give 


ш ДО. М 
y 9 
47 —2 
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the condition of intersection with the line 12 gives 


a’ — ka 


$c GA: 


which is the value of ф in the foregoing equations: and to these we may join the 
resulting equation 


yyy (a8 — « B) = 288 (yò — Y). 


Proceeding in like manner for the lines 3', 2, 4, the equations for the remaining 
four lines of the double-sixer are 


kou e E r Е] 
z-wy-é(y- sb). о-у (77 -»): 


2-у3=(22-ш), 


wyy (a8! — 08) = $89 (By — By). ууу (aB — 48) = 2488" (8 — 9). 


cos | ; i 
$= 5—75, Ө. $=- F FB 


xpBB’ (að — a’) = yaa’ (Ву — B’y). "m (28 — = В) = waa’ (yò — уд). 
It may be added that :— 
In plane «= 0, 
intersection of 1’ lies on line z : w — (z/8' — a'/8) уу : ауВ ё — «у pè, 
2 » у: = 488 — ady 88 : (að — a) yy, 
and that the line joining these intersections is the line 12. 
In plane y=0, 
intersection of 2 lies on line æ : w= ay(8'8 — «y 88 : — (Ву — By) 88’, 
M 3 b z : w = ayp S — a'y 88 : (aB' —a’B) 68, 


and that the line joining these intersections is the line 23. 
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In plane z — 0, 
intersection of 3' lies on line æ : y= (уд —9'5) aa’ : ays — a'y 88, 
г: 4 J æ : w= -— (By —B’y) aa’ : «y8'8' — «ү 89, 
aud that the line joining these intersections is the line 34. 
And in plane qw = 0, 
intersection of 4 is on line у: z = (að — а) 88' : ayB'8' — a'y 86, 
» foe" в: у= ayp – a'y PÈ : (y6 — уд) 88”, 
and that the line joining these intersections is the line 14, 


The equations of the remaining ten lines of the surface may be obtained without 
difficulty, and also the forty-five triple planes, but I do not stop to effect this; the 
planes 2=0, y=0, 2=0, w=0, are, it is clear, triple planes, containing the lines 
1, 2, 12; 2’, 3, 23; 3, 4’, 34; and 4’, 1, 41 respectively. 


If, to fix the ideas, the planes z—0, y —0, 2 =0, w=0 are taken to be those of the 
tetrahedron ABOD (= = ВСР &c., as usual), then the edges AB, BC, CD, DA (but not the 
remaining opposite edges AC, BD) will be lines on the surface. Each plane of the tetra- 
hedron, for instance ABC (w= 0), is met by the ten lines not contained therein in two 
vertices A, C, three points on the edge BA, three points on the edge BC, and two other 
points, viz. these are the intersections of the plane ABC by the lines 4 and 1’. For 
the construction of a model it is sufficient to determine the three points on each edge, 
and the two points, say in the plane ABC and in the plane DBC (2 = 0) respectively; 
for then each of the remaining eight lines will be determined as a line joining two 
points in these two planes respectively. If in the first instance Ё is considered as a 
variable parameter, then the two points in the plane w=0 are given as the inter- 
sections of two fixed lines by a variable line (14) rotating round the fixed point 
К TEL Үү"? and the like as regards the two points in the plane 
æ=0. By making (with assumed values of the other parameters) the proper drawings 
for the two planes w=0, 2= 0, it is easy to fix upon a convenient value of the 
parameter Ё; and I have in this manner succeeded in making a string model of the 
double-sixer; viz. the coordinates 2, y, 2, ш are taken to be as the perpendicular 
distances of the current point from the faces of a regular tetrahedron (the coordinates 
being positive for an interior point); the values of a, 8, у, 8 were put =3, 4, 5, 6 
and those of а, В, y, &=1, 1, 1, 1; the value of Е fixed upon as above was 
;=—1; this however brings the lines 2 and 4 too close together (viz. the shortest 
distance between them is not great enough), and also their apparent intersection too 
close to their intersections with the line 6’; and it is probable that а slightly 
different value of k would be better. 
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The results just obtained may be exhibited in a compendious form as follows: 


x y z w 
1 is line BC 0 
* , ор 0 
ABER, 71 
wi an 
5 meets CD 
» AB a 
6 , CD 
3) AB a’ 
& UNO 
s AP a 
ШЕ? 
vi di a’ 
1. 4 а — ka 
» BCD — (a — ka) (yò — y'8) ВВ {E — kò) (aB' — aB) yy (8 — 8) («88 — a'y’ Ba) 
„ ABO |(а — ka) (ayB 8 - a^ 88) | (а — ka) (y8 — y8) BB’ | — (8 — kò) (aB' — a'B) yy 
$9 c В – ЕВ y – Ку g 
» ACD |- (B'— kB) (y? – уд) aa! (y — ky) (ayB'8— «у 88) (у — у) (98 — 8) as 
„ ABD| (B —kB) (y? — үд) aa’) (B — kB) (ayB'8 — a'y Bo) — (y – ky) («B' — « By 33 
‚зш Y a’ — ka. B' — B 
„ BOD (B’—kB) (ayB'8'—a'y'B8)| (В – В) (а —a3)yy | (a — ka) (By — B'y)ày 
„ ACD | (a’ — ka) (оуВ'8 — a'y B3) — (B' — kB) (a8' — a'S) yy’ |— (a — ka) (B — By) 38 
4 00 y - ky 8’ — kò 
ABD | —(8'— k8) (By — B'y)aa' | - (у — ky) (aò — a’) BB' (8 — kò) (ayB'S — a'y 88) 


ABC | (8 —K8) (BY —B'y)aa’ | (у — hy) (ab! —a'8) BB | (y — Бу)(аү8'® – a'y Bò) 
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1’ and 2 meet BCD on line ( -$«5-5)g-*( -9+2-5) ay = 
2 and 3 , ODA  , [^ фы Samy ~* Gg +23) 0 
Xad4 , РАВ , (3-2 -5) a-^G-3 - 529-9 
4 andl, ABO , (б M. )a-*G-$ ) 779: 


or caleulating the numerical values from the foregoing assumed data, say 


|y 
1 is line BC 0 
gt: i cius 0 0 
3 DA 0 
et HE Y. 
5 meets CD в —40:5, w = 54:5 
| AB 3 4 e=42°9; y = 57-1 
6 meets CD #=60,.. w=650 
AB 1 1 $250, .y=50 
6’ meets BC 4 y = 444, г = 55:6 
AD 3 a = 33°3, w= 66°7 
5’ meets BC 1 y=50, 2 =50 
AD 1 2= 50, 0 = DO. 
l meets AD 11 х= 44, 5 = 56. 
BCD — 44 y=— 25:1, 2=39°9, w=71'8. 
ABC 99 44 Not required. 
.3' meets BC 12 E мй 
ACD | – 36 Not required. 
ABD 36 108 ж=47°9, у= 1417, w- —102:3. 
2 meets AB 11 12 $ 41:8, y = 52:2. 
BCD 100 = 26:4, z = 44, w= 1672. 
пред? 99 Not required. 
4 meets CD 2=481, w- 51:9. 
ABD 42 156 2 = 50:5, y = 187:6, w=-151°5. 
ABC 42 156 


Not required. 
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1' and 2 meet ВСР on line 35y — 322 + 30w = 0, 


2 and 9 Е сз.» 26x + 222 — 21w = 0, 
2 and 4j DAB T Ко 8a— Ty— бш=0, 
е Yo. ABE tee: 52x — &Ту — 44 2 = 0, 


which last four equations serve as a verification. 


The outside numerical values are given in the manner most convenient for the 
construction of a drawing; viz. when the coordinates refer to a point on an edge of 
the tetrahedron, or say on the side of an equilateral triangle, then taking the length of 
this edge (or side) to be =100, the numerical values are fixed so that the sum of the 
two coordinates may be = 100, and the two coordinates thus denote the distances from 
the extremities of the edge or side: but when the three coordinates belong to a point 
in the face of the tetrahedron, or say in the plane of an equilateral triangle, then 
the sum of the coordinates is made = 86:6, and the three coordinates thus denote the 
perpendicular distances from the sides of the triangle. 


III. 


It is possible to find on a cubic curve a double-sixer of points 1, 2, 3, 4, 5, 6 
and 1’, 2’, 3', 4’, 5’, 6’ such that any six points such as 1, 2, 3, 4’, 5’, 6' lie in a 
conic. In fact considering a cubic surface having upon it the double-sixer of lines 
1, 2, 3, 4, 5, 6 and I’, 2’, 3’, 4, 5’, 6’, the section by any plane is a cubic curve 
meeting the lines, say in the points 1, 2, 3, 4, 5, 6, 1, 2’, 3’, 4’, 5’, 6’: each of the 
lines 1, 2, 3 meets each of the lines 4’, 5’, 6’, and consequently the six lines lie in 
a quadric surface: therefore the points 1, 2, 3, 4’, 5^, 6’ lie in a conic: and so in the 


other cases; the number of the conics is of course = 60. 


The cubic curve may be a given curve, and six of the points upon it (not being 
points on a сопіс) may also be taken to be given; for instance the points 1, 2, 3, 1’, 4’, 5’. 
For take through the points 2, 3 respectively any two lines 1, 2; through 1’, 4’, 5’ 
respectively the lines 1’, 4’, 5’ each meeting each of the lines 2, 3: and through 1 
a line meeting each of the lines 4’, 5’. It is easy to see that a cubic surface may 
be drawn through the cubic curve and the lines 1, 2, 3, 1’, 4, 5’: for the passage 
through the cubic curve requires 9 conditions; the surface then passes through the point 
2 and to make it pass through the line 2 requires 3 conditions; similarly the surface 
passes through the point 3, and to make it pass through the line 3 requires З conditions. 
The surface now passes through 1' and through the points of intersection of the 
line 1’ with the lines 2, 3: to make it pass through the line 1’ requires 1 condition; 
similarly to make it pass through the lines 4', 5', 1 requires in each case 1 condition; 
or there are in all 19 conditions, so that the cubic surface is completely determined. 
Take now through the points 1, 2, 3, 4’, 5’, a conic meeting the cubic in the point 6': 
then through the lines 1, 2, 3, 4, 5’ we have a quadric surface passing through this 
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conic, and therefore through 6’: hence through 6’ we may draw a line 6’ meeting 
each of the lines 1, 2, 3; and since the cubic surface passes through the point 6’ 
and also through the intersections of the line 6' with the lines 1, 2, 3, it passes 
through the line 6. We complete in this manner by constructions in the plane of 
the cubic the system of the twelve points, viz. each new point is given as the inter- 
section of the cubic curve by a conic drawn through five points of the cubic curve. 
It is then shown as for the point 6' and the line 6' through it, that through each 
new point there can be drawn a line denoted by the same number and meeting each 
of the lines which it ought to meet, and, hence lying on the cubic surface: the 
twelve points are thus the intersections of the plane of the cubic curve by the twelve 
lines of the double-sixer; and it follows that the six points which ought to lie in 
a conic (in every case where such conic has not been used in the plane construction) 
do actually lie in a conic. 


I was anxious to construct such a double-sixer of points on a cubic curve; for 
this purpose I take the equation of the curve to be y=(1 -*) (1 -5) (1 -2 or 


say for shortness 4° = X; where, to fix the ideas, а, b are supposed to be positive, 
a greater than b; and c to be negative. 


The cubic curve is thus a parabola symmetrical in regard to the axis of 2, and 
consisting of a loop and infinite branch; and I take upon it the points 1, 2, 3, I’, 4, 5’ 


as shown in the figure, viz. the coordinates of these points are as stated in the 


Table, where m is the æ coordinate, and VM SW (1 -*) (1 -5) (1 -7 and so in 


other cases, V14 = 83:74165. 


C. VIII. 48 
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a y a y 
1 m УМ 6 М14 = 3-742 
0 1 0 1 
0 at 0 -1 
E 75 2280 
1 6 ~O 2- тз = 1`945 - ar V14-- 168 
a 75 1110 
5 $ МФ —1+звү=-— 0792 9) У14 = :606 
hoes 13 = 
6 m, - V M, 3 = £333 -$VM -- 104 
" m -vM 6 –М14 = – 3-742 
a 1560 (14 — /14) 
, ава ае поб 2e. =4+ 676 
: $ v3 (31/14 — Бу * 
re 1560 (14 + /14) 
d am scs celsi Miis A Ede Y Жа = +247 
е V NT (31 14 + 5)? 
4! с 0 21 0 
b b 0 2 0 
6' m, /М, 15 1933 б 11 = L641. 


The numerical values belong to the curve y=(l -5) (1 -$) (1 +а) and to m = 6. 
Starting with the points 1, 2, 3, 1’, 4, 5’ we have to find the remaining points 
6, 6, 4, 5, 2, 3. 
Point 6’ by means of the conic 1234/5'6', as follows. 
The equation of the conic is 
(ж — b) (ж — с) — be? +k zy = 0, (2, 3, 4, 5’), 
and making this pass through the point l(z = т, у = V M) we find 
(m— b) (m — c) -ka WM = 0. (1). 
Hence taking the coordinates of 6’ to be m, V.M,, we have 


(m, — b) (m, —c) + ka V M, = 0, (6), 
and thence 

VM, _ (т — b) (m, — с) _ M, (m — a) 

УМ (m-b)(m —c) M (т-а) 
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that is, 


We have thus for m, a quadric equation satisfied by m =m, so that throwing out the 
factor m — m, the equation is a linear one, viz. we find 

_ ma— ab — ac + bc 

B m-a à 
or, what is the same thing, 


_—а-@®Э@-) 


T m — а 


and thence also 


/М, = 6—5)(a— 9) уу. 
(m — ay 


viz. VM, is determined rationally in terms of m, VM; this is of course as it should 
be, since the point 6' is uniquely determinate. 


Point 6 by means of the conic 2361'4/5'. 


In precisely the same manner the coordinates are m, —VM,, where m, V M;, 
denote the same quantities as before. 


Point 4 by means of the conic 284156". 


The equation of the conic is 
Fo+Gy+H=-—", (8,3), 


where 
Fb +H=}, (5’) 
[Ж итү эрле un 
Ma 
Fm - GJM +H=*=*, (1’) 


abc F=—a—c+P, 
VM abc @ =(m—b)(—m+P), 
abc Н = ab + ac + bc — bP, 


which give without difficulty 


where P=2a—c-— 2000 9 , a quantity which will presently be expressed in 
m + m;— 2c 
terms of m only. 
And then 
F64 GV8 H1, 


48—2 
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or say 


Ө 1 
F(6— +049 - 2-3 
1 0 
=-0-0)(5 + 5, - 
that is, 
(8 — b) (abe F +a +c — 6)-- Gabe VO = 
viz. that is, 


(8— b) (P — 6) + (m — узе Sp- m) = 


or, rationalising and throwing out the factor 0 —b, this is 


(8— a) (0 — b) 


repu pa tede 


(0—5)(0 — Py — (m — b) (m – Py 


which is a cubic equation satisfied by б=т and 0—m,; so that throwing out the 
factors 0 — т, 0 —m, we have for @ a linear equation. 


Putting for shortness 
A = (m — ay — (a — b) (a — o), 
B -(m—by —(b —c)(b – а), 
C = (т-с) (c — a) (c – b), 
the value of Ө may be expressed in the forms 


_ 4 (m — a) (m — b) (m — c) (b — c) (a — с) 
e 


6—a- (c-a), 8—b- 14-0) 0—c 


We have moreover 


. 2(a— c) (m — b) (m — c) P (m — с) А 
vx С : ч pu? 


m =- 


P-c 


equations which express P in terms of m only; also 


ө pa Eo T OU D NF. 
and then 
-+ 6—b P—60 
е деб к 
whence 


VO =H- o) (e — a) $F, 


so that 0, V6 are now determined. 
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Point 5 by means of the сопіс 2351'4'6". 


The conic is 


Fe+Gy+H=*—", (2, 3) 
where 
Fe. +H=*, (4’) 
Fee ee улыма Рем 
"m, 
Fm – УМ ‘eer (1), 


381 


Everything is the same as*for the point 4 except that b, c are interchanged: 


hence writing Q instead of P, and using 4, B, C to denote as before, we have 


abc F=—a—b+Q, 
VM abc G = (m — c) (— m + Q), 
abc Н = ab + ac + bc — cQ, 


and 
_ 4(m — a) (m — b) (m — c) (c — b) (a — b) 
ЭРТТЕ 
010-2670, 
_ 2(m — b) (m — c) (a — b) 
о-в e еен, 
Gime Se) 
_ 2 (m — b) (m — с) € (a — b) 
$2Qu Serb 900-9. 
and 


V@= 2 VM (c — 5) 6 — a) 4€, 
which determine $, V®, 
Point 3’ by means of the conic 126845. 
The conie is 


Fe +бу + HL 079, (4', 5’) 
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and we have 


G+ Н = bec, (2) 
Fn + GV i+ Н-9010), (1) 
Fm, — GNM, + Н = ao, (6). 


Eliminating Ё, we have 


Gon VM mM + Dae RINT nm mmo) 


УМ УМ, 


which is easily reduced first to 


2mm, — а (m +m) i # (m — а) (m — b) 
G (m i a) VM + Pa (m m) (m + т,) ММ ? 
and then to 
G (aA 4- 2m (a — b) (a — o) - HOZOL + abe P y AA a 


and combining herewith G+ Н = be, we have 
_, OMM ei 


à e (m — a)A 
aA + 2m (a — b)(a gs 


H 


G-bc—H; 
and we have then 
F (m 4m) + G(VM — УМ) + 2H =0, 


that is, 
F [2 (n —a) - A] G4. gr (m—a)=0, 
or, what is the same thing, 
AVM ANM 
Р {2m (m — a)— A} = be =—— - H{2(m—0)- 7 Й 
We then have 
(gu ebhe) 
Fs H-y( G+ y ) 
" abc V — y(Ha- ба) 
pr (-e- 25)-- $—-0o ^ 


that is, 
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or 
abc (2 — a) (Fa + Hy + (a — b) (2 — c) (Ga + Hay — 0. 


Developing and throwing out the factor z, this is 
@ а? 
+ {2a GH — (b+c) G* + abe Р) а? 
+ (a? Н — 2a (b + с) GH + @ + abc (2FH —aF")} æ 
+ |- (b+) a? H? + 2abe GH + abc (Н — 2aF H)} = 0. 


This must be satisfied by z=m, «=m,; hence the left hand must be —2G*(z—m)(z— n,)(z—o), 
or equating the constant terms we have 


G mm, o = aH |— 2abc F + 2bc G + (bc — ab — ac) H}, 


which gives с; and we then have 
c—a 
(e Go + Hae +2), 
but I have not attempted the further reduction of these expressions. 


The numerical values for the example are 


— 140 + 69 У14 — 10+ 62 414 — 104 V14 
жи сес, ыйс T Ft. eS, He san 
5+21V14 5 + 21 У14 5 +У14 


whence с as in the Table. 
Point 2’ by means of the сопіс 136245’. 


The equation of the conic is 


Fo Gy Н = ©2060), (4, 5) 
where 
-G+H = – е, (3) 
u _ (m — b) (m — c) 
Fm + GVM + Н = —— i (1) 
QAM a p (т 0) (m — с) 
Fm- УМ, +Н = Ет аса (6), 


which are the same as for point 3’, if only we reverse the signs of Р, Н and УМ, V M,. 
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Hence the formule are 
_ 2bem[a(m—a)+(a—b) (a — с)] 


Н = , 
aA +2т (а а 0) 0—04 

G= Ы+Н, 
сы т — а prre cx , 


G* mm,  — aH (— Zabc F — 2bc G + (bc — ab — ac) Н}, 


which gives 7; and then 


VT. =). (Ус + Н) 


which are also unreduced. 


The numerical values are 
gp. 140+62 14 „_—10—62/14 _ — 104 V14 


whence т as in the Table. 
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